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A few existence theorems are proved for the models of an abelian variety of CM- 
type with a given zeta function over a field which does not necessarily contain the 
reflex field. 
INTRODUCTION 
Let K be a CM-field of degree 2n, Q, a CM-type of K. and (K’, @‘) the 
reflex of (K, @). Our object of study is a structure (A, 8) formed by an 
abelian variety A of dimension n defined over an algebraic number field k 
and an injective homomorphism @ of K into End(A) @ Q such that the 
representation of K via 8 on the Lie algebra of A is equivalent to @. We then 
say that (A, 0) is of type (K, @). It is well known that if all elements of 8(K) 
are defined over k, then K’ c k and the zeta function of A over k is a 
product of the form 
where J is the set of all embeddings of K into C, and L(s, w,) is the L- 
function of k with a Hecke character VI,. The characters v/, are conjugates of 
each other in a certain sense and satisfy some simple conditions. Conversely, 
given an algebraic number field k and characters yl, satisfying these 
conditions, it can be shown that there is a structure (A, 0) rational over k 
whose zeta function is (0.1). (See [2] for the proof.) Now let F be the 
maxima1 real subfield of K. Suppose A is defined over a field h, not 
containing K’, over which the elements of B(F) are rational. It was shown in 
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(21 that if we put k = hK’, then the elements of B(K) are rational over k. and 
moreover the zeta function of A over h has the form 
where the v/, are the characters of k as in (0.1). and J’ is a subset of J 
consisting of n elements, which together with their complex conjugates form 
the whole J. We can naturally ask the following question. Given a field h 
and characters w, of hK’, can oneJind a model of (A, 9) such that A and the 
elements of 6’(F) are rational over h, and that the zeta function of A over h 
has form (0.2)? We gave in 121 a sufficient condition for h and ly,, assuming 
that h has a real archimedean prime. The main purpose of the present paper 
is to give a more clear-cut necessary and sufficient condition for h and v/,, 
removing the assumption on real archimedean primes. As a generalization, 
we shall study the same type of problem with F replaced by its sublield. 
Applying the results to K = Q(e 2ni”) with a prime 1, we shall obtain an 
existence theorem of a model of (A, C) over its field of moduli for such K. A 
weaker result of this type was previously proved in [3 1. 
Notation and terminology. By an algebraic number field, we always 
mean a finite algebraic extension of Q embedded in C. If k is an algebraic 
number field, we denote by ok, kab, k:, kz, and k$ + the maximal order of 
k, the maximal abelian extension of k in C, the idele group of k, the 
archimedean part of kz, and the identity component of kz, respectively. If 
x E k;, x, denotes the archimedean part of x, and [x, k] the element of 
Gal(k,,/k) which is the natural image of x; we put also lxik = lJ,, (x,.1,., 
where u runs over all primes of k, / IL, is the normalized valuation at v and x,. 
is the v-component of x. The completion of k at u is denoted by k,.. If k’ is a 
subfield of k, we consider kAr a subgroup of k: in a natural manner. The 
complex conjugate of a complex number or a complex-valued function X is 
denoted by Xp. The zeta function of an abelian variety over an algebraic 
number field always refers to the one-dimensional part (see 12, (0.5) 1 for 
details). 
1. MAIN THEOREMS 
Throughout the paper, we let F denote a totally real algebraic number field 
of degree n, K a totally imaginary quadratic extension of F (embedded in C), 
@ a CM-type of K, and (K’, a’) the reflex of (K, @). Let (A, 0) be a 
structure of type (K, @) in the sense of the Introduction. Viewing @ as a 
matrix representation of K acting on C”, we can find a lattice a in K. a 
vector 2’, in C” such that C”/@(a) 11, is isomorphic to A and B(b) is 
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represented by Q(b) for every b E K. If we put u(b) = Q(b) v, for b E K, 
then w gives an isomorphism of K/a onto the torsion subgroup of A. 
Suppose (A, 0) is rational over an algebraic number field k. Then K’ c k by 
14, Sect. 8.5, Proposition 301 (cf. also [2, Proposition 2)). We can therefore 
define a homomorphism g: kx + K * by 
(1.1) g(x) = det @‘(NkIK (x)) (x E k ’ ). 
This can be naturally extended to a continuous homomorphism of kz into 
K: which we denote by the same letter g. Let J denote the set of all injective 
homomorphisms of K into C. Then we can identify Kz with the group 
{ (yT)TEJ E (C ’ >” 1 yrp = ur for all r E 4, 
where p denotes the complex conjugation. Then, for every x E K: and r E J, 
we define its r-component to be the r-component of the projection of x to 
K,: , and denote it by x,. Now the characters iq’, of (0.1) can be obtained by 
(1.2) Y,(X) = (4X>/d-~)L (XE k;,rEJ), 
where a is a certain homomorphism of kg into K*. (For details, see 
[ 1, Sect. 7.8; 2, (1.9)].) W e write v/~ simply tq for the identity embedding E of 
K into C. We then say that (A, 0) determines i+~ over k and call v the 
(Hecke) character of kg determined bJ> (A, 0). This satisfies the following 
two conditions: 
(1.3) Y(X) = l/d-~), if x E k 2, , 
(1.4) ZfxE kz andx, = 1, then y(x) E K”, y(x) y(x)” = Ixlr’, 
and v/(x) a = g(x) a, 
where a is the lattice in K determined by A as above. (See [ 2, ( 1.12), 
(1.13)l.) 
For our later purposes, it is necessary to consider a structure (A, C, 0) 
with a polarization C of A added to (A, 0). We always assume that 
(1.5) B(K) is stable under the involution of End(A) @ Q deter- 
mined by C. 
Such a C always exists for a given (A, 0). Moreover, if A is simple. every 
polarization C of A satisfies (1.5). 
For a subfield X of K, we denote by 0,. the restriction of 0 to X. and say 
that (A, O,y) is rational over a field k if A and the elements of e(X) are all 
rational over k. Let us now recall several basic facts by stating them as 
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PROPOSITION 1. Let h be a field of rationality for (A, O,.), and F’ the 
maximal real subfield of K’. Then the following assertions hold: 
(1.6) F’ch; 
(1.7) hK’ is the smallest field of rationality, containing h, for 
(A, 0); 
(1.8) ever-y polarization of A satisfying (1.5) is rational over h. 
The last assertion is included in [ 2, Proposition 41, and the first and 
second ones in [2, Proposition 31. (Here we note a correction to [ 21: Read 
“S” for “K” on line 8 from bottom on page 5 15.) 
Now suppose (A, 19,) is rational over an algebraic number field h. If 
K’ c h, (A, 0) is rational over h by (1.7). and hence the zeta function of A 
over h is given by (0.1). If K’ &h, we have [hK’: h] = 2 by (1.6). In this 
case, the zeta function of A over h is given by (0.2) with tq, of (1.2); v/ is the 
character of (hK’)z determined by A. This result was proved in (21 as 
Theorem 7, though its formulation is somewhat different from the present 
statement. Notice that L(s, w,) = L(s. v/,,) as will be shown below. 
Thus our problem is as follows. Given h and a Hecke character w of 
(hK’),X, find a necessary and sufficient condition for h and w in order that 
there exist a structure (A, 19~) rational over h such that (A, @ determines w 
over hK’. We first give a necessary condition. 
THEOREM 1. Let (A, 0) be a structure of type (K. @). and h an algebraic 
number field over which (A, 8,) is rational. Suppose that K’ 6 h and put 
k = hK’. Let w be the Hecke character of k: determined bj, (A, 9), and x the 
quadratic character of hi corresponding to the extension k of h. Then we 
have 
(1.9) v(z) = x(z) lz I; ’ forzE hi. 
To prove this, we need two lemmas. 
LEMMA 1. Let W be an algebra of degree 2 over F with identity element 
isomorphic to a subalgebra of End(Y) @ Q with an abelian variet-v Y of 
dimension n defined over a field of any characteristic. Then W is a totally 
imaginary field. 
Proof. If W is a field, this follows from 12, Lemma 51. If W is not a field, 
W n End(Y) contains an element c such that 0 < dim(c( Y)) < n. Then 
End(c(Y)) @ Q contains an isomorphic image of F. By 14, p. 39. 
Proposition 21, n divides 2 dim(c(Y)), and hence dim(c(Y)) = n/2. This is a 
contradiction, since a subfield of End(c(Y)) @ Q of degree n must be totally 
imaginary by virtue of [2, Lemma 5 ]. 
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LEMMA 2. Let (S, 0) be the reflex of (K’, @‘). Then K = FS, and O(S) 
is the center of End(A) 0 Q. 
Proof. Let (A,, 6,) be a structure of type (S, Q). Then A, is simple and 
A is isogenous to the product of [K: S] copies of A, as can be seen from the 
results of 14, Sects. 5, 6, 81. Therefore we obtain our lemma. 
Proof of Theorem 1. We first recall that the map a: k: -+ KX of (1.2) 
satisfies 
(1.10) for every x E kz 
(See [ 1. Sect. 7.8; 2, Theorem 21.) Now the equality of (1.9) is obviously 
true if z E h ‘. Therefore it is sufficient to prove the equality when z is a 
prime element of h, for a prime ideal q of h, since the elements of this type 
together with hX generate a dense subgroup of hi. We can even exclude 
finitely many primes, and hence may assume that A has good reduction 
modulo q and q is unramified in k. Let p be a prime ideal of k dividing q, 
and y the generator of Gal(k/h). From (1.7) and Lemma 2, we see that 
O(a)y= t9(ap) for every a E K. Therefore, by [ 2, Proposition 11, we have 
a(~‘) = a(x)O and g(xq = g(x)“, so that we have 
(1.11) 44x’> = v(x)” forallxE ki. 
(This was noted in [2, (4.6)].) Assuming p # p9 take a prime element 71 of k, 
and consider it an element of ki ; let z = rcnY. Then z is a prime element of 
h and v(z) = a(z) = a(n) a(n’) = a(r) a()rc)O = /z 1;’ by (1. lo), which 
p&es the desired result. Next assume p = py and N(p) = N(q)*; let 7c be a 
prime element of h, and let /I = a(n). Further let (x, 8) be the structure 
obtained from (A, 0) by reduction modulo p and a, the Frobenius 
endomorphism of A” of degree N(q). Then rp* = &3) as shown in the proof of 
11, Theorem 7.421. Now /?” = a(n)p = a(n3 = a(n) = p, and hence 
/I’ =/I/?” = a(n) a(n)O = N(p) = N(q)* by (1.10). Thus ,f3 = fN(q). Let us 
identify K with g(K). As shown in [ 1, p. 2191 or in [2, pp. 529-5301, (o does 
not belong to g(F), and hence [F[q]: F] = 2. By Lemma 1, F[q] is a totally 
imaginary field. Therefore p = --N(q), so that w(n) = a(n) = --N(q) = 
x(z) 1 rr 1; ‘, which completes the proof. 
Remark 1. We have w,(xq = v/~(x)~, and hence L(s, w,) = I,(s, w,,). 
Also we can derive ( 1.11) formally from (1.3), (1.4), and (1.9) by taking 
z = xxy in (1.9). 
Now the converse of Theorem 1 is true in the sense that (1.9) combined 
with (1.3) and (1.4) gives a sufficient condition. More precisely, we have 
THEOREM 2. Let (A, 0) be a structure of type (K, @), C a polarization oJ 
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A satisfying (1.5), and h an algebraic number field which contains the field 
of moduli of (A, C, O,), but not K’. Put k = hK’. Further let w be a Hecke 
character of kff satisfying (1.3), (1.4) and (1.9). Then there exists a 
structure (A’, C’, 8’) rational over k which is isomorphic to (A, C, t?) and 
determines I//, and such that (A’, C’, t!?;.) is rational over h. 
Notice that the field of moduli of (A, C, 0,) contains F’ and does not 
depend on the choice of C as shown by [2, Propositions 2 and 41. 
Proof: By [2, Theorem 6 J, there is a structure P rational over k which 
determines w and is isomorphic to (A, C, 0). For simplicity we may assume 
that P = (A, C. 0). Let y be the generator of Gal(k/h). Put P* = (A?, Cy, O*) 
with O*(a) = B(aP)Y for a E K. As shown in Remark 1, we have (1.11). 
Therefore, by [ 2, Proposition 11, P* determines v. Since h contains the field 
of moduli of (A, C, 8,), there is an isomorphism 1 of (A, C) onto (A y, C’) 
such that 
(1.12) M(a) = e*(a) L for ever?, a E F. 
Let (S, Q) be the reflex of (K’, @‘). By Lemma 2, K = FS and 0(S) (resp. 
e*(S)) is the center of End(A) @ Q (resp. End(A)) @ Q). Therefore we can 
define an automorphism 7 of S by M(a) = 6*(aT) A for a E S. Then we have 
IK: S] Tr(fi(a)) = Tr(@(a)) = Tr(@(a’)) = [K: S] Tr(fi(a’)) for all a E S. 
Since (S, &i) is primitive, 7 must be the identity map of S. It follows that the 
equality of (1.12) is true for all a E K. Thus L is an isomorphism of P to P*. 
By [ 2, Theorem 51, A is rational over k. Observe that ly is an isomorphism of 
P* to P, and hence AyA = 0(i) with a root of unity [ in K. Then 0(c) = 
Pm = r’e(r)yA = e(p), and hence < = & 1. Suppose < = - 1. Then 
LAY = 0*(-l). Now take a prime ideal q of h which remains prime in k and 
such that A has good reduction modulo the prime of k lying above q, say p. 
Let 2, z, and g(a) denote the objects obtained from A, 1, and B(a) by 
reduction modulo p. Indicate by the upper right 4 the action of N(q)th power 
automorphism of the residue field modulo p. Let cp (resp. (D’) be the 
Frobenius homomorphism of 2 onto zq (resp. of Jq onto 6) of degree N(q). 
Then we see that A”4 and Iq are obtained from AY and AY by reduction modulo 
p. Put ,u = cp’x Then ,U E End@) and p”? = cp’&‘x= (~‘11~~ = --(p/o. Now 
o’o is the Frobenius endomorphism of 2 of degree N(p). Let 7~ be a prime 
element of h, . Condition (1.9) implies that a(n) = w(n) = --N(q). Recall that 
the map w of K/a into A defined at the beginning of this section has the 
property 
(1.13) w(U)‘X*k’ = cu(a(x) g(x) ’ u) (xEk;,uEK/a). 
(See 11, Proposition 7.40; 2, Theorem 21.) If I is a rational prime not 
divisible by p and if u E (K @ Q,)/(a @ Z,), then w(u)“~‘~ = w(a(rr) U) = 
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-N(q) O(U). Taking reduction modulo p, we find that q’p = &-N(q)), so 
that p2 = &V(q)). On the other hand we have 
,&a) = qm(a) = (pquy I= B(aP) (0% B(cP)p (a E K). 
Therefore p @ g(K). By Lemma 1, F[p] must be a totally imaginary field, 
which is a contradiction since ,u2 = &V(q)). Therefore c= 1, so that 
P,I = idA. Applying Weil’s criterion of descent, we find an abelian variety A’ 
rational over h and an isomorphism r of A onto A’ rational over k such that 
< = 5y 0 1. Let C’ be the image of C under I$ and let B’(a) = @(a ) rP ’ for 
a E K. Then (A ‘, C’, 0’) has all the required properties. 
In the one-dimensional case. we can take @ to be the natural injection of 
K into C. Then we obtain 
THEOREM 3. Let K be an imaginary quadraticfield (contained in C), a a 
lattice in K, j the invariant of an elliptic curve isomorphic to C/a, and h an 
algebraic numberBeld containing j but not K; put k = hK. Further let v be a 
Hecke character of ki. Then there exists an elliptic curve which is rational 
over h, isomorphic to C/a, and determines y over k, if and only I$ y satisfies 
the following three conditions: 
(1.14) Y(X) = N,,,(-~)- 1 forxE ki; 
(1.15) IfxE kz andx,= 1, then y(x)EKX and ty(x)a=N,,,(x)a; 
(1.16) Y(X) =x(x) Ixli’ for x E hi, where x is the character 
of hi corresponding to the extension k of h. 
Notice that the equality I I&)” = 1.~1;’ in (1.4) is automatic in the 
present situation. 
Remark 2. Let v/* be the ideal character associated with w, and c the 
conductor of w. Then (1.3) and (1.9) can be written in terms of v* as 
follows: 
(1.17) y*(ao,) = det @‘(NkIK(a)) if aEk* and a = 1 (mod c), 
(1.18) lJ/*(jok)= for every ideal 3 of h prime to c. 
As for (1.4) let us assume for simplicity that a is a fractional ideal of K. 
Then (1.4) is equivalent to 
(1.19) For every ideal x of k prime to t, we have y*(x) E K ‘, 
w*(x) y*(x)” = N(x), and y*(x) OK = N,,,#(xy. 
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where n’r” for an ideal n of K’ denotes the ideal of K generated by det Q’(b) 
for all b E I). 
2. A GENERALIZATION OF THEOREM 2 
Let us now generalize Theorem 2 by taking a smaller field in place of F. 
Before doing this, we give a theorem, whose essential content is included in 
[2, Theorem 121 and its proof. 
Let (A, 0) be a structure of type (K, @), and k, an algebraic number field 
over which A is defined. We assume 
(2.1) 8(K) is stable under Aut(C/k,). 
This is obviously so if A is simple. Let k be the smallest field of rationality 
for (A, 0) containing k,. Under (2.1), k is a Galois extension of k, and we 
obtain an injective homomorphism 71 of Gal(k/k,) into Aut(K) by 
(2.2) O(a)O = t3(aZC0)) (a E K, u E Gal(k/k,)). 
If A is simple, we have k = k,K’ by 14, Sect. 8.5, Proposition 30). 
THEOREM 4. The notation being as above, let T be a complete set of 
representatives of x(Gal(k/k,))\J, and ye the character of k; determined bjt 
A. Then the zeta function of A over k, is n,,, L(s, ty,). 
Proof. By (2, Proposition 11, we have a(~~) = a(~)~(~‘, g(x”) = g(u)“‘“‘, 
and I&“) = ty,,,,(x) for x E k: and u E Gal(k/k,). Now we can repeat a 
part of the proof of [ 2, Theorem 121, starting from line 9 from bottom on 
page 529 of [ 21. Then we find that [(s, A/k,,, D) = L(s, w,). where D is the 
subfield of K such that 
Gal(K/D) = rr(Gal(k/k,)). 
Rewriting this result in terms of the ordinary zeta function, we obtain the 
desired fact in view of 11, Proposition 7.211. 
If A is simple, we have 
[K: D] = [k,K’: k,] = IK’: k,,n K’I. 
The last equality follows from the fact that K’ is normal over k, n K’. which 
in turn follows from [2, (3.2)]. We also note that recently Yoshida [ 5 I deter- 
mined the zeta function of A over any algebraic number field which is a field 
of definition, with no condition on the rationality of 8(K). 
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Now, to generalize Theorem 2, we assume that K and K’ have subtields D 
and D’. respectively, satisfying the following conditions: 
(2.3) DcF and D’ c F’; 
(2.4) K and K’ are cyclic over D and D’, respectively; 
(2.5) K = DS, where S is the field generated over Q by 
Tr(@‘(a))for all a E K’; 
(2.6) there is an isomorphism u M ]o] of Gal(K’/D’) onto 
Gal(K/D) such that Tr(@(a))” = Tr(@(a’“]))fir all a E K. 
These conditions are obviously satisfied if D = F and D’ = F’. 
THEOREM 5. Let (A, 0) be a structure of type (K, @), C a polarization of 
A satisfying (1.5), k, an algebraic number field containing both D’ and the 
field of moduli of (A, C, 19,), and let k = k,K’ and h = k,F’. Further let li/ be 
a Hecke character of ki. Suppose that K’ and k, are linearly disjoint over 
D’ and that li/ satisfies (1.3), (1.4) (1.9) and also 
(2.7) I,Y(~)‘“’ = I forx f kk, x, = 1 and CJ E Gal(k/k,), 
where we identtyy Gal(k/k,) with Gal(K’/D’). Then there exists a structure 
(A’. C’, 6’) which is rational over k. isomorphic to (A, C, t3) and determines 
I,U. and such that (A’, C’, 8;) is rational over k,. 
Proof By Theorem 2, we may assume that (A, C, 0) is rational over k 
and determines I,V, and (A, C, 0,) is rational over h. Let u be a generator of 
Gal(k/k,). Put P = (A, C, 0) and P, = (A”, C”, f?,) with r!?,(a) = B(a’U’~‘)” for 
a E K. Since k, contains the field of moduli of (A, C. O,), there is an 
isomorphism ,U of (A, C, 8,) onto (A”, C”, 0;). We can then define an 
automorphism T of S by @(a) = O,(a’),u. For the same reason as in the 
proof of Theorem 2, r is the identity map. By (2.5), we see that y is an 
isomorphism of P onto P, . By [ 2, Proposition 1 ] and (2.7) P, determines v/. 
and hence by [2, Theorem 51, p is rational over k. Put [K: D] = 2m, 1’ = urn, 
and ~=parnm’ . . . pup. Then y = p on K’ and [y] = p on K. As shown in the 
proof of Theorem 1, we have t9(a)y = O(aO) for a E K. Therefore we can 
easily verify that I, is an automorphism of P, and hence A= S(c) with a root 
of unity < of K. Then ,u~‘,-’ . . . ,U~P = ,IyL = B(y[) = id,. Applying Weil’s 
criterion of descent to (A, C, 0,) and ,u, we obtain the desired structure. 
Another type of result can be stated as follows. 
THEOREM 6. Remove assumption (2.3); suppose instead that [K: D] is 
odd and D has no roots of unity other than k 1. Let k,, k, and y be as in 
Theorem 5. Suppose that K’ and k, are linearly disjoint over D’ and that w 
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satisfies (1.3), (1.4), and (2.7), but no? necessarily (1.9). Then the conclusion 
of Theorem 5 holds. 
Prooj As in the proof of Theorem 2, we can start from a structure 
P = (A, C, 0) which is rational over k and determines v/. Define u, P, , and ,U 
as in the above proof; put v =pO’-’ . . . ,U”P with t = [K: D]. Then 1’ is an 
automorphism of P, so that v = o(6) with a root of unity 6 of K. Moreover, 
we have 0(S)” = PO =,uUe(S) p”-’ = 0,(S), and hence arul = 6. Thus 6 E D. Our 
assumption on D implies that 6 = f 1, Put q = ,@s). Since t is odd, we have 
II 
v,-l . . . ~“7 = id,. Therefore the desired structure can be obtained by Weil’s 
criterion. 
3. AN APPLICATION TO THE CYCLOTOMIC CASE 
Let us now consider the case where K = Q(c). < = e’““’ with an odd prime 
1. We assume that (K, @) is primitive. Then K’ = K. Let (A, 0) be of type 
(K, @P), and let C be a polarization of A. We then assume that 
End(A) = 0(0,). This is so if and only if the lattice a of (1.4) is a fractional 
ideal of K. 
THEOREM 7. The notation being as above, (A, C) has a model over its 
field of moduli. 
ProoJ Let k, be the field of moduli of (A, C), and let k = k,K, h = k, F. 
By (2, Proposition 21, k is the field of moduli of (A, C, 0). Let D = k, n K. 
Then (2.4). (2.5), and (2.6) are satisfied with D’ = D; the map CJ F+ [o] of 
(2.6) is the identity map; (2.3) is satisfied if [K: D] is even. Let 
u E Aut(C/k,). Then there is an isomorphism 1 of (A, C) onto (A. C)O. We 
can define an automorphism t of K by M(a’) = O(a)O 1. Then Tr(@(a’)) = 
Tr(@(a)“). Since (K, @) is primitive, we have CJ = r on K, so that A@(a) = 
O(a)O A for a E D. This shows that k, is the field of moduli of (A, C’, 0,). Let 
I = (1 - <) o, and let o, denote the l-completion of ok. We are going to 
construct a Hecke ideal character i,~* of k. The main theorem of complex 
multiplication (see [4, p. 128; 1, Corollary 5.161) shows that if x is an ideal 
in k, then N,,,(x)“’ = j30k with an element p of K such that /3p” = N(x), 
where the upper right @’ is defined as in (1.21). If x is prime to 1. then 
N(x)- 1 (mod I), so that DE + 1 (mod lo,). Changing j3 for *imp with a 
suitable integer m, we may assume that /I z 1 (mod 1’0,). We then define 
w*(x) =/3. It can easily be verified that I,U * is a Hecke character satisfying 
(1.17) and (1.19). (This is the same as the character we defined on 
13, p. 781.) Moreover we have v*(xU) = v*(x)” for every u E Gal(k/k,,). 
Our aim is to show that there is a model (A, C) over k, such that (A, C, 0) 
determines I,V* over k. If K = D, this is established by [ 2, Theorem 6 I. If 
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[K: D] is odd and K # D, the desired result follows from Theorem 6. 
Therefore assume that [K: D] is even, that is, D c F. Then our assertion 
would follow from Theorem 5 if we could show that 
(3.1) k/h w*wJ!J= p N(P) ( 1 
for every prime ideal p of h prime to 1. Let y be the generator of Gal(k/h). If 
po, = qqy with a prime ideal q of k, then v*(po,) = w*(q) w*(q)O = N(q) = 
N(p), so that (3.1) is true for such p. Suppose p remains prime in k. Let 
r = p n F and N&p) = r’. Since 
we have 
KIF 
( 1 - = f Y 
and f is odd. Therefore N(p) =iV(r)’ E -1 (mod 1). On the other hand 
h,K(P%Y’ = %,,(PY’ = N(P) OK 9 and hence our definition of w*(po,) 
shows that v*(po,) = -N(p), which proves (3.1) and completes the proof. 
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